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Abstract
We consider a numerical scheme approximation for a diffusion on a Riemannian manifold using a
normal chart approach and prove that it coincides with the modified Milstein scheme introduced in [A.B.
Cruzeiro, P. Malliavin, A. Thalmaier, Geometrization of Monte-Carlo numerical analysis of an elliptic
operator: strong approximation, C. R. Acad. Sci. Paris, Ser. I 338 (2004) 481–486].
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1. Introduction
We want to realize a Monte Carlo numerical analysis of an elliptic operator with smooth
coefficients on Rd ,
L = 1
2
∑
i, j,k
Aik A
j
k
∂2
∂ξ i∂ξ j
+
∑
i
Ai0
∂
∂ξ i
by considering the corresponding Itoˆ stochastic differential equation
dξW (t) =
d∑
k=1
Ak(ξW (t))dWk(t)+ A0(ξW (t))dt, ξW (0) = ξ0 (1.1)
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where the vector fields are such that, for every ξ ∈ Rd , A1(ξ), . . . , Ad(ξ) form a basis of Rd .
We assume these vector fields, together with their first three derivatives, to be bounded.
We associate with L a Riemannian metric ds2 = ∑i, j gi, j (ξ)dξ idξ j , where gi, j denotes the
inverse matrix of gi, j =∑dk=1 Aik A jk . The manifold will be denoted by M .
In fact, we shall be particularly interested in the case
A0 = −12g
j,kΓ j,k
where Γ ∗∗,∗ stand for the Christoffel symbols of the associated Levi-Civita connection (cf. (2.3))
and therefore we will be looking in more detail at the Brownian motion on the manifold M .
Adding a more general drift A0 does not involve any real change (cf. the remark at the end of
Section 3).
Our construction consists of writing the Euler approximation in the normal chart and
computing its development up to second order. We obtain a numerical scheme of order one
that turns out to coincide with the one introduced in [3]. This last one was obtained by a change
of parametrization in a Milstein scheme of order one. The parametrization does not change the
infinitesimal generator of the process.
The main advantage of the numerical scheme discussed here is that, in contrast with the
corresponding Milstein approximations of the same order (cf. [10] or [8]), it does not involve
the simulation of iterated Itoˆ stochastic integrals, which is a real simplification when applying
Monte Carlo methods.
In Section 2, we recall some classical definitions in Riemannian geometry and, in particular,
the normal chart.
Next, we define our numerical scheme and give an argument showing why it should converge
with order one. In the last section, we prove that it does convergence weakly with order one, since
it coincides with the modified Milstein scheme of [3] (cf. also [1] for higher-order developments
of this modification idea).
The numerical scheme is defined geometrically through an Euler approximation read in the
exponential chart. Nevertheless, its order (weak convergence, holding for Lipschitz functionals
of the trajectories) comes from the fact that the scheme coincides with one of Milstein type after
a particular rotation of the Brownian motion is performed.
We refer to [5] where, for the study of Lyapunov exponents, a discretization of a stochastic
differential equation on a (compact) manifold is defined through the use of local charts.
2. Parametrization by normal charts
The geodesics associated with the Riemannian metric defined above are the curves that
minimize the length
l(γ ) =
∫
ds =
∫
L(γ, γ˙ )dt, L(γ, γ˙ ) =
√
gi, j (γ )γ˙ i γ˙ j
and therefore satisfy the Euler variational equation
d
dt
(
gi, j γ˙ j
L
)
= 1
2L
∂i (g j,k)γ˙
j γ˙ k or ∂i (g j,k)γ˙ j γ˙ k = 2gi, j γ¨ j . (2.1)
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Replacing dt by ds, we have
d
dt
(
gi, j γ˙
j 1
ds
)
− 1
2
1
ds
∂i (g j,k)γ˙
j γ˙ k = 0
and also
gi, j
d2γ j
ds2
+ ∂k(gi, j )dγ
k
ds
dγ j
ds
− 1
2
∂i (g j,k)
dγ k
ds
dγ j
ds
= 0.
Multiplying both members by gα,i , we obtain the following form of the Euler equation:
d2γ α
ds2
+ Γ αj,k
dγ j
ds
dγ k
ds
= 0 (2.2)
where
Γ ij,k =
1
2
(
∂
∂x j
gm,k + ∂
∂xk
g j,m − ∂
∂xm
g j,k
)
gi,m . (2.3)
We consider the normal chart, the map expm0 : Tm0(M) → M given by
expm0(v) = γ v‖v‖ (‖v‖)
where γ is the geodesic that is tangent to v at time zero at m0. The map expm0 is a local
diffeomorphism in a neighborhood of m0; the inverse diffeomorphism of the normal chart is
denoted by exp−1m0 . By construction, the image by the normal chart of a geodesic is a ray starting
from m0. Using the Euler equation written in normal coordinates, one can prove that at the center
of normal chart all the first derivatives of the metric tensor vanish.
Consider the measure νm0 defined on P0(Tm0(M)) by the inverse image by expm0 of the
measure ρ∆ (of the Brownian motion on M truncated by the stopping time where the cut locus
is met for the first time). Denote by µ the measure on P0(Tm0(M)) induced by the Euclidean
Brownian motion. We say that a functional Φ : P0(Tm0(M)) 7→ R is t-Lipschitz if
|Φ(p)− Φ(p′)| ≤ c sup
s∈[0,t]
|p′(s)− p(s)|.
Denote ‖Φ‖t the smallest constant c for which the inequality holds true.
Theorem 2.1. There exists a constant C such that∣∣∣∣∫ Φdνm0 − ∫ Φdµ∣∣∣∣ ≤ C ×√t3 × ‖Φ‖t .
Remark. The result of Talay and Tubaro [11] gives an order 1 for the classical Euler scheme
(see [9] for an interpretation of this result in terms of distributions on the Wiener space).
Proof. Considering the expression in the normal chart of the Laplace–Beltrami operator on M ,
given by
1
2
∑
i, j
ai, j∂2i, j +
∑
i
ci∂i ,
with ai, j = gi, j , ci = −g j,lΓ ij,l , and denoting δij the Kronecker symbol, we have |ai, j (ξ)−δ ji | ≤
c1|ξ − ξ0|2, |c∗(ξ)| ≤ c2|ξ − ξ0|, since gi, j (ξ0) = δij and ∂gi, j (ξ0) = 0. We deduce that
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σ := √a∗,∗ satisfies ‖σ -Identity‖ ≤ c1|ξ − ξ0|2. Denote ξw(s) the M-Brownian motion on M
read in the normal chart; then
dξ iW = σ i, j (ξW )dW j + ci (ξW )dt
where W is a Euclidean Brownian motion. The result follows from the following estimate and
from the expression of ξ as a solution of a SDE,
E(|ξW (t)−W (t)|2) ≤ E
(
c21
∫ t
0
|ξW (s)|4ds + c22
[∫ t
0
|ξw(s)|ds
]2)
= O(t3).
3. Construction of a numerical scheme for the Brownian motion on the manifold
Theorem 2.1 gives a good approximation of the M-Brownian in the normal chart; in order to
get an approximation in the starting coordinates, we have to compute the Taylor expansion of
expξ0 until the order 2, which we denote (exp)
∗
ξ0
.
Geometrically, our scheme is based on the following definition:
ξ(q) = (exp)∗ξ((q−1))
(∑
k
A˜k(ξ((q − 1)))1q(Wk)
)
(3.1)
where A˜ are the vector fields read in the exponential chart and1q(Wk) = Wk(q)−Wk((q−1)).
From the Euler equation for the geodesics in the form (2.2), we obtain the following
expansion:
x i (t) = ξ0 + ai t − t
2
2
Γ ij,ka
jak + o(t2).
On the other hand, expξ0(at) = x(t) and therefore, at t = 0,
(exp)∗ξ0(z) = z −
1
2
Γ j,kz j zk .
We obtain:
ξ(q)− ξ((q − 1)) =
∑
k
Ak(ξ((q − 1)))1q(Wk)
− 1
2
∑
i, j
Γm,nAmi A
n
j (ξ((q − 1)))1q(Wi )1q(W j ).
Writting t = × integer part of t , we define our scheme by
ξW  (t)− ξW  (t) =
∑
k
Ak(ξW  (t))(Wk(t)−Wk(t))
− 1
2
∑
i, j
Γm,nAmi A
n
j (ξW  (t))[(Wi (t)−Wi (t))(W j (t)−W j (t))].
(3.2)
Let O(M) denote the bundle of linear frames on M , where a frame above ξ0 ∈ M is a
Euclidean isometry r0 from Rd to Tξ0(M). Let pi denote the canonic projection defined by
pi(r0) = m0.
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For each k = 1, . . . , d , there exists a unique vector field Lk on O(M) such that (Lk)r
is the horizontal lift (determined by the underlying connection) of ek ∈ Tξ (M) for every
r = (ξ, e) ∈ O(M), e = [e1, . . . , ed ]. In local coordinates, we have:
Lk = eij
∂
∂ξi
− Γ nk,lekjelm
∂
∂enm
where Lk are called the canonical horizontal vector fields.
Consider the lift of the process to the frame bundle,
drW =
∑
k
LkodW k, rx (0) = r0
where pi(r0) = ξ0 and odW is the Stratonovich stochastic differential. Then r = (ξ(t), e(t))
reads:
dξ i (t) = eik(t)odW k
deik(t) = −Γ im, j (ξ(t))e jk (t)odξm(t).
The curve rW (t) is the lifting to O(M) of the Brownian motion ξ(t) which is realized by
the parallel transport of the initial frame along this Brownian motion (as defined by Itoˆ, cf. for
example [6]).
Consider (ξ˜W  , eW  ), the Euler approximation of (ξW , eW ).
Following [4] (page 263) and [2], we have:
exp−1ξW (t)(ξW (t)) = rW (t)[W (t)−W (t)] + o()
exp−1
ξ˜W (t)
(ξ˜W  (t)) = rW  (t)[W (t)−W (t)] + o()
where the term o() comes from the development of the horizontal vector fields in the exponential
chart computed over stochastic integrals, and we have
E( sup
t∈[0,T ]
‖ exp−1ξW (t)(ξW (t))− rW (t)[W (t)−W (t)]‖) ≤ c12 + c23 + · · · .
This means that we can replace our initial numerical scheme up to order one by the one defined
by rW  [W (t) − W (t)]. As rW  is Euler’s approximation of the horizontal flow, we deduce that
rW  [W (t)−W (t)] should be of order  12  12 = .
We have reasoned as if exp−1ξ0 was a global chart. In fact, we must consider a localization at
each step of the approximation. Proceeding step by step, one compares the parallel transported
vectorW (t)−W (t) through the curve ξW from time t to t with the parallel transport of the same
vector through ξ˜W  by composing this one with parallel transport through the geodesic linking
ξW (t) and ξ˜W  (t) and then work in the exponential chart centered at ξW (t).
Remark. In the case of a general drift A0, one should just replace (3.1) by
ξ(q) = (exp)∗ξ((q−1))
(∑
k
A˜k(ξ((q − 1)))1q(Wk)+ A˜0(ξ((q − 1)))
)
which produces the corresponding numerical scheme
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ξW  (t)− ξW  (t) = A0(ξW  (t))(t − t)+
∑
k
Ak(ξW  (t))(Wk(t)−Wk(t))
− 1
2
∑
i, j
Γm,nAmi A
n
j (ξW  (t))[(Wi (t)−Wi (t))(W j (t)−W j (t))]. (3.3)
4. Comparison with the modified Milstein numerical scheme
We recall that, since the metric is defined by the inverse of the matrix gi, j = ∑k Aik A jk and
the corresponding scalar product is 〈Ak, Al〉 = gi, j Aik A jl , the vectors Ak form an orthonormal
basis of the tangent space.
In [3], we have used the expression of the Christoffel symbols in the representation given by
this basis; more precisely we have used
Γ¯ ki, j =
1
2
(〈[Ai , A j ], Ak〉 − 〈[A j , Ak], Ai 〉 + 〈[Ak, Ai ], A j 〉). (4.1)
The definition of the numerical scheme constructed in [3] is:
ZW  (t)− ZW  (t) = A0(ZW  (t))(t − t)+
∑
k
Ak(ZW  (t))(Wk(t)−Wk(t))
+ 1
2
∑
i, j
(∂Ai A j − Γ¯ αi, j Aα)(ZW  (t))[(Wi (t)−Wi (t))
× (W j (t)−W j (t))− (t − t)δ ji ]. (4.2)
Theorem 4.1. The geometric approximation scheme (3.2) coincides with the modified Milstein
scheme (4.2).
Proof. The relation between this expression (4.1) and (2.3) is the following:
Γ¯ ki, j =
∑
m,n,p
Ami A
p
k
[
Anj
(∑
l
gl,pΓ lm,n
)
+ (∂m Anj )gn,p
]
. (4.3)
To derive this formula, we write Ak = ∑m Amk ∂∂xm . In the local coordinates x i , we have
〈 ∂
∂x i
, ∂
∂x j
〉 = gi, j . Since the vectors Ak are orthonormal, Γ¯ ki, j = 〈∇Ai A j , Ak〉. We then use
the following properties of the covariant derivation:
∇ f AX = f∇AX
and
∇A( f X) = f∇AX + (A f )X
together with the identity 〈∇ ∂
∂xm
∂
∂xn ,
∂
∂x p 〉 =
∑
l gl,pΓ
l
m,n .
By (4.3), for every β,
Γ¯ αi, j A
β
α =
∑
m,n,p
Ami g
p,β Anj gl,pΓ
l
m,n +
∑
m,n,p
Ami g
p,β(∂m A
n
j )gn,p
=
∑
m,n
Ami A
n
jΓ
β
m,n + ∂Ai Aβj .
Since in (3.2) we are considering A0 to be equal to − 12g j,kΓ j,k , we have
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−1
2
g j,kΓ j,k(t − t)+ 12
∑
i, j
(∂Ai A j − Γ¯ αi, j Aα)
×[(Wi (t)−Wi (t))(W j (t)−W j (t))− (t − t)δ ji ]
= −1
2
∑
i, j
Γm,nAmi A
n
j [(Wi (t)−Wi (t))(W j (t)−W j (t))].
We have therefore proved that our scheme (3.2) coincides with the modified Milstein scheme
(4.2).
Let us denote by σ (resp. σ) the law of ξW (.) (resp. ξW  (.)) on the space Pξ0(Rd) of
continuous paths from [0, T ] to Rd . The Monge–Wasserstein distance of two probability
measures σ1 and σ2 on the space of paths with values in Rd is defined by
dM(σ1, σ2) =
[
inf
Ψ
∫
‖Ψ(p)‖2∞σ1(dp)
]1/2
where the infimum is taken in the set of measurable maps Ψ : P(Rd) → P(Rd) such that
(Ψ)∗σ1 = σ2 and where ‖.‖∞ stands for the sup norm.
From [3], we obtain the following consequences of Theorem 4.1:
Corollary 4.2. The measures σ converge to σ for the Monge–Wasserstein distance and we have
lim sup
→0
1

dM(σ, σ) < ∞.
Corollary 4.3. The approximation scheme (3.2) is of order 1; namely, for a functional Φ on the
path space which is Lipschitz, we have∣∣∣∣∫ Φdσ − ∫ Φdσ∣∣∣∣ ≤ c.
Remark 1. An analysis of the error of the scheme studied here could be done through the study
of the contribution coming from the Milstein scheme defined in [3], formulae (5.1), together with
the contribution coming from the expression uλ
W˜
at the end of [3].
Remark 2. In his interesting thesis, Kebaier (cf. [7]) studies the Euler approximation of the
SDE in R2 describing the Brownian motion on the 1-dimensional embedded submanifold of R2
constituted by the unit circle; the rank of the covariance matrix is then equal to 1 for an R2-
SDE. The scheme presented in our paper makes an ellipticity assumption, appearing in (1.1); as
a consequence, our general theory cannot be applied to the Kebaier example.
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